The effect of macroscopic inhomogeneities on resistivity and Hall angle measurements is studied by calculating weighting functions (the relative effect of perturbations in a local transport property on the measured global average for the object) for cross, cloverleaf, and bar-shaped geometries. The "sweet spot," the region in the center of the object that the measurement effectively samples, is smaller for crosses and cloverleafs than for the circles and squares already studied, and smaller for the cloverleaf than for the corresponding cross. Resistivity measurements for crosses and cloverleafs suffer from singularities and negative weighting, which can be eliminated by averaging two independent resistance measurements, as done in the van der Pauw technique. Resistivity and Hall measurements made on sufficiently narrow bars are shown to effectively sample only the region directly between the voltage probes. O 19% American Institute of Physics.
I. INTRODUCTION
Charge transport inhomogeneities can be divided into three types,' microscopic ones smaller than the mean scattering length, macroscopic ones comparable to the size of the object being measured, and mesoscopic ones of intermediate size. The effect of an inhomogeneity of the second type on the measured transport property of an object depends on the geometry of the object and the location of the impurity. We have developed a procedure for calculating the effect of such inhomogeneities on resistivityZ and all^ measurements, and have applied it to squares and circles with probes at their edges, and to four-point probe arrays. In this article we extend this work to other standard geometries.
In this procedure we model the resistivity (Hall angle) measurement of an object as a weighted averaging of the local resistivities (Hall angles) inside it. The resistivity weighting function, f ( x , y ) [Hall weighting function, g ( x , y )] is then defined by where ( p ) and ( O H ) are the mean values measured for the resistivity and Hall angle of the entire object, and p(x,y) and @H(x,Y) are the local values of the same transport quantities.
One can calculate either weighting function by considering the effect that a local point perturbation in the appropriate transport property will have on the global average. This requires solving Poisson's equation in a region of varying resistivity or Hall angle?
''~lectronic mail: dkoo@ccmaillink.stlawu.edu (2) where the magnetic field points in the positive z direction.
The effect of a point inhomogeneity in resistivity (Hall angle) is identical to the effect of a dipole at the same point, the dipole having a magnitude proportional to both the perturbation and the local electric field, and a direction parallel (perpendicular) to the direction of the local electric field. This effect can be calculated numerically, or exactly for shapes for which a Green's function approach is suitable, such as rectangles and circle^.^
II. METHOD
The procedure for calculating weighting functions is the same as described previously.z~3 For crosses and cloverleafs, we used successive overrelaxation on a discrete 40x40 lattice. Weighting functions for bars were calculated using the Green's function approach previously mentioned.
To compare crosses and cloverleafs directly, we have defined a region, the "sweet spot'' of an object, corresponding to that part of the object effectively sampled by the measurement. The area of the sweet spot can be thought of as inversely proportional to the weighting function in the center of the object: If the weighting function were a step function, it would equal this value inside the sweet spot and would equal zero outside.
Area of "sweet spot" =Total areal f,,,,, . resistivity of arbitrarily shaped two-dimensional o b j e~t s .~ "Van der Pauw averaging" eliminates the regions of negative weighting, just as it does for square and circular geometries, but it also eliminates the singularities peculiar to the cross. Regions of apparently negative weighting in Fig. 1 are most likely the result of numerical roundoff. Figure 2 shows the Hall weighting function for the same cross. Singularities seem to appear where they did for single resistivity measurement. Van der Pauw averaging does not eliminate the singularities, since there is no other independent Hall configuration of current and voltage probes. Figure 3 shows the resistive weighting function on a cloverleaf with contacts at the four comers. Figure 3(a) is for a single resistivity measurement, Fig. 3(b) is for van der Pauw averaging. Figure 4 shows the Hall weighting function for the same object. The results are qualitatively identical to those of Figs. 1 and 2 .
In Fig. 5 , the results for crosses and cloverleafs are generalized. The size of the sweet spot is plotted as the size of the central region of the cross or of the cloverleaf, the fraction of the original square not cut in making the clover, is varied. As expected, a smaller fraction of the object is sampled as the cross limbs get narrower or as the clover slits approach the center of the object. All Hall measurements sample a larger fraction of the object, nearly always larger than the central region, than the fraction sampled by single or averaged resistivity measurements on the &me object, which is nearly always smaller than the center. Cloverleafs gener-ally sample a smaller fraction of the object, especially for Hall measurements. Figure 6 compares the resistive weighting function, f ( x , y ) , for bar-shaped geometries in which current and voltage probes are along a vertical line in the center of the bar. The current probes are at the top and bottom edges of the bar; the voltage probes are one-third and two-thirds of the way between them. Figure 6 (a) shows a square, while Fig.  6(b) shows a rectangle ten times taller than it is wide. (Figure  6 (b) has been drawn using different x and y scales.) The effect of narrowing the square is to extend the uniformly weighted region between the voltage probes across the width of the object. Figure 7 shows the corresponding Hall weighting function, g ( x , y ) , for a square [ Fig. 7(a) ] and for a 10X 1 rectangle [ Fig. 7(b) ]. In this geometry, current probes are at the center of the top and bottom edges of the bar, and voltage probes are at the center of the left-hand and right-hand edges. Although the Hall measurement also effectively samples a very narrow region between the voltage probes for the narrow geometry, the sampling is not nearly as uniform as forthe resistivity measurement on an object of the same shape.
In summary, cutting a square or circular object into a cross or cloverleaf is an effective way of focusing the measurement on a smaller fraction of the material, which may be useful when the object has unavoidable macroscopic inhomogeneities. The cloverleaf appears to be more effective at reducing the region effectively sampled. Resistivity and Hall measurements appear to always sample different portions of the same object, with resistivity sampling a smaller region. Bar-shaped geometries can be used to effectively limit either type of measurement to the region between the voltage probes, with the resistivity measurement weighting the region bounded by the probes nearly uniformly for sufficiently narrow bars.
